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Q.1(a) Prove that tanh !(sin 0) = cosh™!(sec 0) [3]

Ans : LHS = tanh l(sin @)

We know that, tanh™1(x) = %109 (g)

1 1+sin 0
LHS = 5109(1—sin9)
R.H.S = cosh™l(sec )

We know that , cosh™1(x) = log (x + Vx%2 — 1)
RH.S = log (sec 6+ Vsec?0 —1)
= log ( ! +Sin0) ...... {Vse020—1=tan0=sme}

cos 0 cos 0 cos0

)

= lo ( 1+sin 6 )
= 09 V1-sin20

[ V1+sin 0
09 (\/l—sin (7]

1 1+sin 6
= Slog(

1+sin @
cos 0

log (

)

s tanh™1(sin ) = cosh™1(sec 0)

1-sin 6

Hence Proved .

(b) Prove that the matrix % [ 1 1 i 1_+1l is unitary. [3]
_ _17r 1 1+i
Ans: Let A_x/§[1—i _1]

The matrix is unitary whenA.A% =TI .




1—it:i[1 1+1i
1-i -1

o _ave_ 1] 1

A% =(4) _\/§[l+i -1 3
o_ 17 1 1+

A4 _\/§[1—i -1

i[ 1 1+
V3ll—i -1

_1/3 0
"3 [0 3]
_ [1 0]
01
AA? =]
The given matrix is unitary is proved.
(c) Ifx=uv &y=% provethatJJ1 =1 [3]
Ans: Xx=uv and y=,
x and y are function ofuand v.
X .
Su=/xy sv= 5 { from given eqns }
vV u
I=|;c," ;c,"=_ = 2o )
u v v v2
Wy %
U, u 2Vx 2y Y _-v
1 _ | Y| — — —
J Uy vy‘ 1 Vx| 2, /xy T 2u 2)
2/ 2y
1 _ 24TV
]] T v 2u
oo ]]1 = 1
Hence Proved.
dz 2
i . [3]

d) Ifz =tan‘1(§), where x=2t, y=1-t?, prove that rriawy




Ans: Z =tan‘1(§) x=2t and y=1-t2
~ zis the function of x and y & x and y are the functions of t.
z — f(x,y)—f(t)

. _ -1 2t
~z=tan" (;—;

Direct differentiate w.r.t t,
dz _ 1 a ( 2t )
dt 1+(£)2 dt \1-¢t2

2(1-t%)? 1

1
T (1-t2)2+4¢2 [ "(1-t2)?2 (=20) + 1-t2 x1]
_ 2(1-t%)? 1
1+t2 (1-t%)2
Ldz _ 2
Tdt T 1+4¢2

Hence Proved.

(e) Find the nth derivative of cos 5x.cos 3x.cos x.

Ans: let y= cos 5x.cos 3x.cos x

cos (5x—3x)+cos (5x+3x

= cost Jroot g ) cosx

2

1

=3 [ cos 2x.cos x + cos 8x.cos x |
1

y =3 [ cos 3x + cos x + cos 9x + cos 7x ]

Take n th derivative,

n th derivative of cos (ax + b) = a™cos (% + ax + b)

[4]

Vn = % [ 9cos (nz—” + 3x) + cos (nz—” + x) + 81cos (nz—” + 9x) + 49cos (nz—” + 7x)

1
(f) Evaluate : lin(}(x)l_—x
xX—

[4]




1
Ans: Let L= lim(x)1-=

x—0

Take log on both the sides,

log x

~logL= lim

x—»0 1—x

Apply L’Hospital rule,

.1
--logL—!rl_r)%;

~L=e%=1

Q.2(a) Find all values of (1 + i)1/3 & show that their continued
Productis (1+i).
Ans: let x=(1+i)13
x3 = 1+i=\/§(\%+\/i§)
x3 = V2[cos %+ isin %]
Add period 2k 7,
x3 = \/E[cos(% + 2km) + isin (% + 2km)]
By applying De Moivres theorem,
x= 2v2[cos; (T +2km) + ising (5 + 2km) ]
where k =0,1,2.
Roots are:
Putk=0 x, = Zx/fe%
Putk=1 x, = 2v2e'

17m

Putk=2 x, =2v2e'1z

[6]




The continued product of roots is given by,

17

xoxlxz—Z\/—elzxzx/_elz x 2v/2e' 1z

271

=16 V2e'1z
1 i

= V2GR

= 1+i

The continued product of roots is (1+i).

(b) Find non singular matrices P & Q such that PAQ is in normal form

2 -2 3
Where A=|3 -1 2 [6]
1 2 -1
Ans:  Matrix in PAQ form is given by,
A=PAQ
1 00 00
0 1 0|4 1 0
—1 0 0 1 01
Rl—)Rg,
1 2 -1 0 0 1 1 00
3 -1 2|=|0 1 0|4|0 1 O
2 -2 3 1 0 ol lo 0o 1
R; — 3Ry, R3 — 2Ry,
1 2 -1 0O 0 1 1 0 0
[O -7 5 |= [0 1 -3[{4|0 1 0]
0 -6 5 1 0 -2 0 0 1

C, —2C1,C3 +C4,




1 0 O 0 0 1 1 -2 1
lO -7 5] = lO 1 -3[(4|0 1 0]
0 -6 5 1 0 -2 0O 0 1
G
1 0 O 0O 0 1 1 -2 1/5
0O -7 1|=10 1 -3(4|]0 1 0
0 -6 1 1 0 -2 0O 0 1/5
C, + 6C;,
1 0 O 0O 0 1 1 —-4/5 1/5
0 -1 1|=10 1 -3|4]0 1 0
0O 0 1 1 0 -2 0 6/5 1/5
C3; +C,,
1 0 O 0O 0 1 1 —-4/5 -3/5
0 -1 0/=]0 1 -3|4]0 1 1
0O 0 1 1 0 -2 0 6/5 7/5
-R,,
1 0 0 0 O 1 1 —-4/5 -3/5
0 1 0o[=|0 -1 3[4]0 1 1
0 0 1 1 0 -2 0 6/5 7/5
Now A is in normal form with rank 3.
Compare with PAQ form,
0 O 1 1 —-4/5 -3/5
P= [0 -1 3 ] Q= [O 1 1 ]
1 0 -2 0 6/5 7/5

(¢) Find the maximum and minimum values of
f(xy)=x3 + 3xy? — 15x% — 15y% + 72x [8]
Ans: given: f(xy)=x3 + 3xy? — 15x% — 15y% + 72x




fr=3x>+3y*—-30x+72 f,,=6x—30
[y = 6xy—30y fyy = 6x—30
fxy =6y
To find stationary values :
fr=3x*+3y*-30x+72=0 & f,=6xy—30y=0
y=0 or x=5
for y=0, x=6,4
~ (xy)=(6,0), (4,0).
For x=5, y=1,1
~ xy)=05,1),(5,-1)
Stationary points are : (6,0),(4,0),(5,1),(5,-1)
(i) For point (6,0),
r=f,=36-30=6, s=f,, =0, t=f,, =6
rt-s>=36>0 and r=6>0
function is minimum at (6,0).
fmin = 108
(ii) For point (4,0),
r=fx=6,5=fr, =0, t=f,, =6
rt-s>=36>0 and r=-6<0
function is maximum at (4,0).
fmax = 112
(iii) for point (5,1) and (5,-1),

Thr points are neither maximum nor minimum.

~ The maximum and minimum value of function are 112 and 108.




_fYTx X 20u  20u  p0u
Q.3(a) Ifu-f(xy,xz),showthatx ax+y 3 z aZ—O. [6]

Ans : let u = f(r,s)
—-X zZ—X
r= y— = —
Xy Xz

du _ duoadr auas_au1+ (

dx odrdx 09sdx 9drxZ  ds “x2
dou Odudr | duds _ au( 1) (0)
ay ~ or dy 0s 6y ar y?2 Bs

o ougr , ouds oy ou 1
dz odrdz 9sdz s “z2

2 0u 2 0u 20u  du Odu OJdu , du
X" — —TZ " ——= —————— T
6x+y 6y+ dz Or as ar ds
Zau Zau Zau H
= n roved.
0x+y0+ 5 =0 ence proved

(b) Using encoding matrix [(1) ﬂ ,encode & decode the message

“MUMBALI". [6]
Ans: Encoding matrix: A= [;

Message is : MUMBAI.

The given message in matrix form is :
M3 13 1
B=| ]

121 2 9
Encoded message in matrix form is given by,
C=AB
=[1 1] 13 13 1
0 1121 2 9
. C = [2411 125 190]




Encoded messageis: 34 21 152 109
GUOB]JI
Decoded matrix is given by,
B=4"1lcC
_[ —1] [34 15 10]

=1 % o

Decoded message : MUMBAI

~ B

(c) Prove that log[tan(g + %x)]=i.tan‘1(sinhx) [8]

Ans: LHS = log[tan(;—r+i?x)]

1+tan (%x)]
1-tan (%x)

log [

= log[1+ tan ()] -log [1 — tan ()]
= log [1+i.tanh§] — log[1-itanh g]
We have,
log (a+ib)=_log(a® + b?) + itan™1(2)
= %log (1 + tanh? E) + itan~1 (tanh g) - [% log (1 + tanh? E) —itan1 (tanh g)]
= 2i[tan~1 (tanhg)]
LH.S = 2i.tan™1 (tanh E)
RHS =itan"!(sinhx)
We know that sinh™1x = log(x + V1 + x2)

1y =1 X+l
tanh™ x = . [log(1 x)]




= itan! (tanh E)
Also sinh™!(tanx) = tanh™1(x)

RH.S = i.tan™! (tanh g)

log[tan(§ + i;x)]=i.tan‘1( sinhx)

Q.4(a) Obtain tan 50 in terms of tan 6 & show that

- 2 X 4 X _
1-10tan®  + Stan™ =0 [6]
Ans: we have tan 560 = sin 36
cos 50

(cos 8 +isin@)" = cosnb + i sinnf
Putn=5,
~ €0s 50 +isin50 = (cos 0 + i sin 0)°
= c05°0+5c0s*0.isind + 10cos30. (isind)?
+10co0s?0. (isin@)3 + 5cos0. (isin@)* + isin>0
= [c0s>0 — 10cos30. (sinh)?
+ 5cos0. (sin8)* | +[5co0s*0.isind
- 10icos?0. (sinB)3 + isin°0]
Compare real and imaginary parts
cos 50=[cos°0 — 10cos30.(sind)* + 5cos0. (sinf)*
sin 50 = +[5c05*0.sind — 10co0s?0. (sinf)3 + sin0 |

[5cos*6.sin6—10cos?0.(sin6)3 +sin>0 ]

tan 50 =
[cos50— 10co0s30.(sinB)%+ 5cos0.(sind)*
tan 50 = 5tan6—10tan30+tan>0
~  1-10tan?0+5tan*@
n
put 6 = —

10




- 2 X 4 X _
1-10tan 10+5tan o 0

(b) If y=e"™" ' * Prove that

1+ x)ynsz + 2+ Dx = 1]ypsg + n(n+ Dy, =0 [6]
Ans: y=etan ' —)
Diff. wrt x,
yy = etan e L
(xX2+1y,=e® *=y (from 1)

Again diff. w.r.t x,
X2+ DY, +2XY1 = Y1 eeeeererinnns (1)
Now take n th derivative by applying Leibnitz theorem,
Leibnitz theorem is :
(uv), = u,v+ 1Cu,_1v{ + 5Cu,,_,v, + -+ uv,
u = (x* + 1),v = y, ..for first term in eqn (1)
u=2x,v=y, ...for second term in eqn (1)

(1 + xz)yn+2 + Z(n i 1)xyn+1 + n(n + 1)yn —Yn+1 = 0

A+ xD) Y+ 2+ Dx— 1]y +n(n+ 1)y, =0

Hence Proved.

(c) i.Express (2x3 + 3x% — 8x + 7) in terms of (x-2) using Taylor’s
Series. [4]




3 5

ii. Prove that tanlx = x—%+x?+ [4]
Ans: i. let f(x)=2x3+3x%2—-8x+7
Here a=2

f(xX)=2x3+3x2-8x+7 f(2)=19
f'(x) =6x*+6x—8 f'(2) =28
f'(x) =12x+6 £(2) = 30
") = f"(2) = 12

Taylor’s series is :

fx)=f(a)+ (x—a)f'(a) + %f”(a) F ..

—2)\2 _.N\3
2x% +3x2 - 8x+7 = 19+ (x - 2)28 + 552230 + 512

2x3 +3x*—8x+7 = 19+28(x—2)+15(x—2)?2 +2(x—2)3

ii, le¢ y=tanlx

diff. w.r.tx,

1
Y1 =

T x2+41
Series expansion of y,,

We know that,

1
—=1-x+x-x3+ -
1+x

yi=1—x% +x*—x°

Integrate y, to find series expansion of y,

cy=f(1-x*+x*—x+)dx




3 5
X X

., _X'_+_'...

y 3 5

Hence Proved .

Q.5() If z=x?2 tan‘li — y? tan‘1§ d

2
Prove that

0°z x2—y2

Ans: z=x%tan"1

Diff. w.r.t. x partially,

9z o, x*

y 2 -
- — tan " -
x y y

dydx  x2+y?

1x

y2

[6]

3y2

-y -1 2
= X—=+tan "= .2x — X =
ox xZ+y2 " x2 x y x2+y2 "y
2 3
x -y _1x y
= X —= 2xtan” ' - — ——
xZ+y2 1 + y  x2+y?
Diff. w.r.t y partially,
9%z 2 [ 2y 1 ] x? 3 2y
= —Xx“|—Yy. + — =y~ +
dyox y (x2+y2)2  x2+4y2 xZ+y2 [ y (x2+y2)2
_ [ 2y3x2 _xZ ] xZ 2y4 3y2
T T (a24y2)2 T x2492 x2+y2 | (x24y2)2  x2+4y2

(xz_yZ)Zx (x2+y2)1

(x2+yH)? (x2-y?)!

x2_y?
x2+y2

9%z x2 —y2

dydx  x2+y2

Hence proved.

]

x2+y2

(b) Investigate for what values of 4 and A the equations :2x+3y+5z=9
7x+3y-2z =8
2x+3y+Az=u

Have (i) no solution (ii) unique solution (iii) Infinite value

Ans: Giveneqn:

2x+3y+5z=9

[6]




7x+3y-2z =8

2x+3y+Az=u
AX=B

2 3 571mx11[9

7 3 -2 [y]=8

2 3 Allzl u
2 3 5|9
Argumented matrixis: |7 3 —-2| 8
2 3 A | U

R; — R,

2 3 5 6
- [7 3 -2 4
0 0 A-5| u—9

() WhenA=5,u+9 thenr(a)=2,1r(A:B) =3
r(A)~r(A: B)
No Solution.

(i) WhenA#5,u+9,r(A)=r(A:B)=3
Unique solution exist.

(iii) WhenA=5,u=9 r(A)=r(A:B)=2<3
Infinite solution.

(c) Obtain the root of x3 — x — 1 = 0 by Newton Raphson Method
(upto three decimal places).
Ans : Equation: x3—2x—-5=0
~ fx)=x3-2x-5
f(0)=-5<0 and f(1)=-2<0and f(2)=7>0.

[8]




Root of given eqgn lies between 1 and 2.
f(x) =3x*+2
Let take xy = 2

_ _ f(x0)
1= %o f' (xo0)

Next iteration :

For next iteration :

. _ B ic) _
. Xg4 = X3 f_’(X3) =1.329

= 1.3283

The root of eqnis x=1.3283

Q.6(a) Find tanhx if 5sinhx-coshx =5

Ans : 5sinhx-coshx =5
But sinhx=‘—% coshx = 2 Ze_
: 5[e —e_]_[e +e_]=5

2 2

~ 5e¥—5e*—-e*—e*=10

4e%**—10e* -6 =0

£(1.329)
f'(1.329)

[6]




Rootsare: e*=3,e* = —

1
eX—e™% —3)t2 -3
~ tanhx = —— _)2_ s
e*+e™* -5/2 5

Or

ef—e™* 3-1/3 4
~ tanhx = = = -
e*+e™* 3+1/3 5

4

5

-3
The values of tanhx are : = or

(b) 1fu=sin"1(

x+y : _1
\/}+ﬁ),Prove that i.xu, +yu, = 5 tanu

—sinu.cos2u

il X%y + 2XYUL, + ViU, = " 4cosdu (€]

Ans : u= sin‘l(\/;:}})

Put x=xt andy=yt to find degree.

»u=sin~1 (222
T Vat+ [yt

x+y

» sinu= tl/z.m = t%-f(X,}’)
The function sin u is homogeneous with degree ..
But sin u is the function of u and u is the function of x and y.
By Euler’s theorem,

xu, + yu, = G(u) = n.%= %tanu

1
“ XUy + yu, = > tanu

v XUy, 4 2XYUL, + YRy, = G(W)[G'(w) — 1]

secu-2

= Ltan uf
2

]




2u-1
tanu[tanlu ]

=

1 sinu sinu—cos®u
X [ >
4 cosu cos“u

]

2 2 _ —Ssinu.cos2u
X Uy + 2XyU,, + YUy, = T acodn

Hence Proved.
(c) Solve the following system of equation by Gauss Siedal Method,
20x+y-2z=17
3x+20y-z =-18
2x-3y+20z=25 [8]
Ans: By Gauss Seidal method ,
Giveneqn: 20x+y-2z=17
3x+20y-z =-18
2x-3y+20z=25
Fromgivenegqn: |20|>|1]|+]|-2]|
|201>]3]+]-1]
|201>]2]+]-3]
The given eqn are in correct order.
3 x:%[17—y+2z]
£y =o-[-18 - 3x+7]
v Z =%[25—2x+3y]
1) For 1*titeration: takey =0,z=0

x =—[17] = 0.85
20




x=0.85,z=0 gives y=—-1.0275

x=0.85y=-1.0275 gives x3 = 1.0109
1) For 2" iteration : takey = —1.0275,z = 1.0109

X = % [17 +1.0275 - 2(1.0109)] = 1.0025

x=1.0025,z=1.0109 gives y=—0.9998
x=1.0025y =—-0.9998 gives z = 0.9998
)  For3"iteration: y = —0.9998,z = 0.9998

Xy = % [17 + 0.9998 + 2(0.9998)] = 1.00

x=1.00,z=0.9998 gives y=-1.00
x=1.00,y=-1.00 gives z=1.00

Result: x=1.00,y=-1.00,z=1.00




